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Mean curvature flow of pinched submanifolds of CP^ 


G. PiPOLI AND C. SiNESTRARI 


Abstract 

We consider the evolution by mean curvature flow of a closed submanifold of the 
complex projective space. We show that, if the submanifold has small codimension 
and satisfies a suitable pinching condition on the second fundamental form, then 
the evolution has two possible behaviors: either the submanifold shrinks to a round 
point in finite time, or it converges smoothly to a totally geodesic limit in infinite 
time. The latter behavior is only possible if the dimension is even. These results 
generalize previous works by Huisken and Baker on the mean curvature flow of 
submanifolds of the sphere. 

MSC 2010 subject classification 53C44, 35B40 


1 Introduction 


Let Fq : A4 —?■ CP” be a smooth immersion of a closed connected manifold in the 
complex projective space. We denote by A the second fundamental form and by H the 
mean curvature vector associated with the immersion. The evolution of ATq = Fq{M.) by 
mean curvature flow is the one-parameter family of immersions F : Ad x [0, Tmax[ —t CP” 
satisfying 

I t)=H, p e Af, f > 0, 

I A(-,0) = Fo. 

We denote by A4.t = F{Ai,t) the evolution of Ado at time t. It is well known that this 
problem has a unique smooth solution up to some maximal time T^ax < oo. Moreover, 
if Tmax is finite the curvature of Adt necessarily becomes unbounded as t —)■ T^ax and we 
say that the flow develops a singularity in finite time. The main theorem proved in this 
work is the following. 

Theorem 1.1 Let Ado he a closed submanifold of CP” of real dimension m and codi¬ 
mension k = 2n — m. Suppose either n > 3 and k = 1, or n > 7 and 2 < k < 


1 



(equivalently, 2 < k < If at every point of M.q the inequality 


1 ^ 1 '< 



m — 3 — 4/c 


m 


if fc = 1, 


if A; > 2, 


( 1 , 2 ) 


is satisfied, then the same holds on Ait for all 0 < t < Tmax- Moreover, one of the two 
following properties holds: 

i) Tmax < oo, and Ait contracts to a point as t ^ Tmax, 

3) Tmax = oo, and Ait converges to a smooth totally geodesic submanifold ast ^ Tmax- 


Case 2) can only occur if m is even, and the limit submanifold is isometric to CP 2 , 


An inequality of the form (11.2^ above is usually called a pinching condition on the 
second fundamental form. For instance, in the case k = 1 it gives a bound on how much 
each principal curvature of the submanifold can differ from the others. 

The above statement says in particular that in odd dimension a submanifold satisfying 
our assumptions necessarily shrinks to a point under mean curvature flow. We remark 
that this property is not proved directly: we show that the only alternative to a round 
point is the behavior in 2), but such a behavior is excluded for odd dimension because the 
only totally geodesic submanifolds of CP" with small codimension as in our hypotheses 
are isometric to a complex projective space. 

When Ait shrinks to a point in hnite time as in case 1) above, one can show that, 
after an appropriate rescaling, it converges to an m-dimensional sphere, a behavior which 
is usually described as “convergence to a round point”, see e.g. [Tm §9-10], [LX^ §6]. As 
a consequence, we obtain the following classihcation result. 

Corollary 1.2 Let Ai^ satisfy the hypotheses of Theorem M.li Then, if m is odd, Ai^ is 
diffeomorphic to an S™, while if k is even, Ai^ is diffeomorphic either to an or to a 
CP^. In every case Aio is simply connected. 

The behavior of submanifolds evolving by mean curvature flow has been studied by 
several authors in the last decades, especially in the case of codimension one. The hrst 
fundamental result was obtained by Huisken IHB. who showed that any closed convex 
hypersurface in Euclidean space shrinks to a round point in hnite time. He later proved 
ra that the same holds for hypersurfaces in general Riemannian manifolds satisfying 
a stronger convexity condition which takes into account the geometry of the ambient 
space. A similar analysis has then been carried out by several authors for hows driven 
by speeds diherent from the mean curvature, and many convergence results to a round 
point are known for hypersurfaces satisfy suitable convexity requirements, see |AMZl lAM] 
and the references therein. More recently, Andrews and Baker |AB] have considered the 
mean curvature how in the case of higher codimension, and proved the convergence to a 
round point for submanifolds of arbitrary codimension of the Euclidean space satisfying 
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a suitable pinching condition. Similar results have then been obtained by Liu, Xu,Ye and 
Zhao for submanifolds of hyperbolic spaces |LXYZ] and of general Riemannian manifolds 

[LXZ]. 

By contrast, very few authors have considered cases where the mean curvature flow 
converges to a stationary limit. In the context of weak solutions, there is a quite general 
result by White |W1 Theorem 11.1], asserting that a mean convex solution either dis¬ 
appears in hnite time or converges to a hnite collection of stable minimal submanifolds. 
For classical solutions, results of this kind are known only in special cases. For the curve 
shortening flow, Grayson [G] showed that an embedded curve in a Riemannian surface 
either shrinks to a round point or converges smoothly to a geodesic. When the dimension 
of the evolving submanifold is larger than one, other kinds of singularities can occur and 
an analogous statement can only be expected under suitable restrictions. Until now, a 
higher dimensional analogue of the results of [G] has only been obtained for submanifolds 
of the sphere, which have been studied by Huisken IHal for codimension one and by Baker 
[Baj for arbitrary codimension. The results in the two cases can be stated together as 
follows. 

Theorem 1.3 |H3l IBa] Let M.Q he a closed n dimensional submanifold of with 

n >2, and suppose that we have on Mq 

\Af < \Hf 4-2, if n > A, or n = 3 and fc = 1, 

|R|^ < I \Hf + |, if n = 2 and /c = 1, (1.3) 

|R|^ < \Hf + if n = 2,3 and k > 1. 

Then one of the following holds: 

1) Tmax is finite and the Ait’s converge to a round point as t ^ T^ax, 

3) Tmax is infinite and the Ait’s converge to a smooth totally geodesic hypersurface 
-Moo, isometric to ET. 

As underlined in the above statements, a key ingredient in all these results is the 
invariance under mean curvature flow of a pinching condition of the form |A| ^ < a\H\'^ + b, 
for some a > 0 and & G M. The values of a, b such that the invariance holds depend on 
the properties of the ambient manifold. If the ambient manifold is flat [HIIEB] , or 
hyperbolic |LXYZj . or general |LXZj . the invariance can only be obtained for suitable 
values of 6 < 0, so that the condition rules out the possibility of a stationary limit. In the 
case of the sphere, it is possible instead to have invariance with some b > 0, which allows 
the two possible behaviors of the above statements. In addition, a pinching condition 
with & > 0 is substantially weaker: for example, in the case of codimension one it allows 
for some nonconvex hypersurfaces. Although the special structure of the sphere is used 
in an essential way in [H31 IBa] , it is natural to expect that similar results should hold for 
more general ambient spaces of positive curvature. 

The results of this paper conhrm this expectation in the case of the complex projec¬ 
tive space, showing that suitably pinched submanifolds evolving by mean curvature flow 
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exhibit similar properties to the ones of the sphere. The complex projective space is a 
natural ambient space to consider beside the sphere, since it is a symmetric Einstein man¬ 
ifold with positive, but no longer constant, sectional curvature. The different structure 
of the Riemann curvature tensor complicates the study of the evolution of the curvature 
quantities with respect to jmiiBi]. and forces us to restrict our analysis to submanifolds 
with suitably small codimension. 

The paper is organized as follows. After recalling some notation and preliminary 
results, we prove in Section 3 the invariance of the pinching condition. In this part, in 
order to efficiently estimate the reaction terms in the evolution equations, it is crucial to 
choose normal and tangent frames strongly linked with the geometry of CP”. In Section 
4 we study the behavior of the norm of the traceless part of the second fundamental form, 
which is used to measure the improvement of pinching as the maximal time is approached. 
Since our estimates have additional lower order terms compared with jrniiBi]. to prove 
our main theorem we have to treat separately the cases of Tmax finite and Tmax inhnite, 
which we do in Sections 5 and 6 respectively. The former case is more technically involved, 
and the convergence is obtained by integral estimates as in the previous papers, while for 
Tjnax inhnite the result follows from a more direct argument. Finally, in Section 7 we 
show that in the case of hypersurfaces our main result also holds for the mean curvature 
how in quaternionic projective spaces. 

2 Preliminaries 

The ambient manifold CP” is a Kahler manifold of complex dimension n with complex 
structure J. It can be regarded as a real Riemannian manifold of dimension 2n endowed 
with the Fubini-Study metric gps- We denote the curvature tensor and the Levi-Civita 
connection of (CP”,^'^?^) with R and V respectively. Then R has the explicit form, for 
all tangent vector helds X, Y, Z, W, 

R{X, Y, Z, IF) = gpsiX, Z)gFs{Y, IF) - gpsiX, W)gFs{Y, Z) 

+gFs{X, JZ)gps{Y, JW) - gpsiX, JW)gFs{Y, JZ) (2.1) 
+2gps{X, JY)gps{Z, JW). 

In particular, the sectional curvature of a tangent plane spanned by two orthonormal 
vector helds X and Y is 

K{X,Y) = l + ZgFs{X,JY)\ (2.2) 

therefore 1 < < 4 and K = 1 (resp. .A = 4) if and only if JY is orthogonal (resp. 

tangent) to X. Moreover {CF'^ygps) is a symmetric space, so VR = 0, and is an Einstein 
manifold with Einstein constant 2(n -|- 1). 

Let now A4 be a closed submanifold of CP”, with induced metric g, curvature tensor 
R and connection V. The tangent and normal space to A4 at a point p are denoted by 
TpXi and NpAi respectively. Throughout the paper we denote by m the dimension of Ai 
and by k = 2n — m its codimension. Unless specihed otherwise, Latin letters i,j, I, ... run 
from 1 to m, Greek letters a, /3, 7 ,... run from m -|- 1 to m -|- A;. 
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Let ei,..., Cm+k be an orthonormal frame tangent to at a point of A1, snch that 
the first m vectors are tangent to and the other ones are normal. With respect to this 
frame, the second fnndamental form can be written 

A = ^ (g) Ca, 

a 

where the h" = (h" ) are symmetric 2-tensors. The trace of the second fundamental form 
with respect to the metric g is the mean curvature vector H: 

H = '^tT = 9'^^tjea- 

a a ij 


° 1 

The traceless part of the second fundamental form is dehned a.s A = A - H (g) and 

m 

its components are h"- = h"- — ^ gij, where H°‘ = particular, the squared 

length satishes \A?‘ = \Af —^ 

m 

If is a hypersurface, then the mean curvature vector is a multiple of the unit normal 
vector u and satisfies 

H = —(Ai -I- • • ■ -I- 

where Ai < ■ ■ ■ < A^ are the principal curvatures. In addition, we have \A\^ = Af-|-- ■ -TA^ 
and 

|i|" = 11//|^ = 15^ (A, - A,y, (2.3) 

m m ^^ 

Kj 

so that smallness of l^l implies that the curvatures are close to each other. 

The evolution equations of the main curvature quantities of a submanifold evolving 
by mean curvature flow in a general Riemannian space have been computed in |ABj and 
da. In our case, they take a simpler form because the ambient manifold is symmetric. 
We recall here the equations satisfied by |iL|^ , and by the volume form dfit associated 
with the immersion at time t. 


Lemma 2.1 


On a submanifold evolving by mean curvature flow in a symmetric ambient 
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space we have 


1 ) 

2 ) 


3 ) 


^ \Hf = A \Hf - 2 \VHf + 2 ] + 2 Riai^H^H^, 

i,j \ a / lyCe.B 


a 


^\Af = A\Af -2\VA\^ + 2 J2[Y1 '‘S'^S ) + 2 E 


a,/3 \ i,j 


L P 


2 


h°'h^ - h 

2 _^ '\p"' 3 P "'ip'\ 


+4 E ^‘pi- (E ^ E ^‘iiv (E '*?■'*? 

i,j,p,q \ a / j,l,p \ i,a 

+2 J 2 Riuf (E '‘S'if,) - 8 5; R,^!, (5; /!“J, 

l,ci,B \ ij / j,P,Oi,B \ i / 


^dut = - \Hf dfif 

at 


When the codimension is one these equations have a simpler form. 


Lemma 2.2 On a hypersurface evolving by mean curvature flow in a symmetric ambient 
space we have 

1) ^|i/|^ = A|i/|^-2 \VH\^ + 2\H\^{\A\^ + Ric(v, v )), 

2) ^ |2l|^ = A |2l|^ - 2 I V2l|" + 2 |2l|= (|2l|^ + «c(i-, 0) 

- 4 fl^hPRj - , 

where Ric is the Ricci tensor of the ambient manifold. 


3 Invariance of pinching 

In this section we prove that the pinching condition fll.2p is invariant under the flow. To 
obtain the desired estimates, it is important to perform the computations using special 
tangent frames with suitable properties, which we now describe. 

A first kind of frames, which was also considered in |AB1 ILXZ] . can be defined at any 
point where TT 7 ^ 0 in the following way. We choose a privileged normal direction setting 

H , , 

Cm+l JHI' (3-1) 

Then we can choose 6 ^+ 2 , • • •, ^m+k such that {cm+i, • • •, em+k} is an orthonormal basis 
of NpAit and choose any orthonormal basis {ei,... ,em} of TpAif Any tangent frame 
obtained in this way will be called of kind (Bl). 
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With such a choice of tangent frame, the second fundamental form and its traceless 
part satisfy 

f tr = \H\ , 

[ tr /i“ = 0, a > m + 2 


and 


^m+l ^ j^m+1 

m 

a > m + 2. 


When using a basis of kind (Bl), we adopt the following notation; 


o 

|hi|^ := |hi|^ := |h_|^ = |L|^:= ^ (3.2) 

OL=m -\-2 


A second kind of frames, more linked with the geometry of CP”, is useful when we have 
to compute explicitly the components of the Riemann curvature tensor of the ambient 
manifold. The properties required in this case are described in the following lemma. 


Lemma 3.1 Let Ai he a submanifold of CP” of dimension m and codimension k. If 
k <m, then for every point p G Ad there exist {ei,..., Cm} an orthonormal basis ofTpM. 
and {cm+i, • • •, Cm+fc} an orthonormal basis of NpM. such that: 

1. for every r < ^ we have 


J am+2r—l 

J Cm+ 2 r 

with Tr, Vr ^ [0,1] and rf + pI = 1- 


Tj.e2r—1 T ^r6m+2r) 

Tr-C2r ^r^m+2r—1? 


(3.3) 


2. If k is odd then Jcm+k = ^k- 

3. The remaining vectors satisfy 

JO-k+l Cfc+25 JO-k+'i 6fc_|_4, . . . , JCrri—l Cm- 


Proof. For every point p E Ai the function 

p : NpAd X NpAd —y M 

iX,Y) ^ if{X,Y)-=g{.IX,Y) 


is a skew-symmetric bilinear form. It is a well-known fact that there is an orthonormal 
basis {cm+i, ■ ■ ■, Cm+fc} of NpAi such that p is represented by the matrix 


^ 0 1^1 
—z/i 0 


= 


0 


0 


0 Z/2 

-V2 0 



0 


if A; 


2 s, 


v 


0 


0 


0 fs 

-Ps 0 y 
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/ 


M^ = 


0 vi 
-vi 0 

0 


0 

0 1^2 
- 1/2 0 


0 0 


\ 


0 0 


0 


z/« 


V 


0 


0 


0 


if fc = 2s -|- 1. 


0 / 


Using the property that |<p(X, U)| < |X||y|, we hnd that \i'r\ < 1 for any r, and after 
possibly reversing signs we can have G [0,1]. 

Observe hrst that if k is odd statement 2 follows easily. When we consider the other 
vectors of the basis, the above construction implies that, for every r < |, the normal 
component of Jem+ 2 r-i is given by i'r€-m+ 2 ri while the normal component of Jem+ 2 r is 
given by —z/j,em+ 2 r-i- Now let us distinguish the cases z/^ < 1 and = 1. In the first 
case, we have 

J^m+2r—l "Zy^2r—1 “1“ ^r(^m+2ri 

J (^m+2r T~rT2r ^r^m+2i —1; 

where the Ti are unit vectors of TpAi and r^, Ty G M. The above relations imply 


(3,5) 


2,2 1 - 2,2 
+ z/^ = 1 = + z/^, 


so, up to changing the sign of T 2 r-i and T 2 r, we can obtain = fr G (0,1]. 

If instead z/^ = 1, this means that Jem+ 2 r-i coincides with em+ 2 r- In this case, we 
choose T 2 r-i to be any unit tangent vector which is orthogonal to Ti,..., T 2 r -2 and which 
is also orthogonal to Jcm+i, ■ • •, Je-m+k- It is easy to see that such a vector exists because 
of the assumption k <m. We then dehne T 2 r = JT 2 r-i- By construction, T 2 r is a tangent 
unit vector orthogonal to Ti,... ,T 2 r-i. Observe that equations fl3.5p hold also in this 
case, with Tr = fr = 0. 

In general, since {cm+i, • • • ,em+k} is an orthonormal basis, from equations (13.5p . we 
have for any i ^ j 

g{Ti,Tj) = 0 . 

Then we dehne e* = Ti for i = 1,... ,k, and we complete the basis of TpAi in an ortho¬ 
normal way by choosing e^+i,..., Cm in such a way that requirement 3 is satished. □ 


Any basis satisfying the properties of the previous lemma will be called of kind (B2). 
Since = —id, from (13.3p it follows easily that such a basis also satishes 


J&2r—1 Z/j.e2r T~r^m+2r—l) 

J €.2r ^r^2r—\ ^r^m.+2r* 


(3.6) 


If k is odd, it is convenient to dehne = 1, z/^ = 0 for r = In this way, the hrst 
equations in (13.3p and in (13. 6 p hold also for this value of r. 









In general, the requirements for (Bl) and (B2) are incompatible and the two kinds of 
bases are different. Thus when we use frames of type B2, we have H = with 

hf“ not necessarily zero for a > m + 1 . 

Observe that when k = 1 these constructions are trivial: there is an unique (up to 
sign) normal unit vector e 2 n, H is a. multiple of such vector and ci = Je 2 n is a tangent 
vector. Then for a hypersurface we can choose a basis that is at the same time of type 
(Bl) and (B2). 

When k > 2, we introduce the following notation taken from [AB] 

+ E [e'■ fXr -'"WJ . 

a,l3 \ i,j J i,j,a^/3 \_ p 


R2- = 



If we use a frame of kind (Bl), it is easily checked that 


R2 


m 

0 ifH = 0. 


(3.7) 


The following result, proved in |AB( §3] and in |Ba( §5.2], is useful in the estimation 
of the reaction terms occurring in the evolution equations of Lemma 12.11 It only uses the 
algebraic properties of Ri and i ?2 and is independent on the flow. 


Lemma 3.2 At a point where H ^ 0 we have, for any a G 


m 




\H\^ 

m 

\ m J 



+8\hif\h-f + 3\h-f. 

In addition, if a > 1/m and ifbEMis such that |Ap = a\H\‘^ + b, we have 


2Ri - 2aR2 < 6 


ma — 1 


|A|>_|'-3|h_| 


2mab ,2 4fe 


ma — 1 


\hiV + 


ma — 1 


\h.\ 


262 


ma — 1 


We now derive a sharp estimate on the gradient terms appearing in the evolution 
equations for | A|^ and \H\^ which will be used many times in the rest of the paper. Observe 
that the results are independent of the flow. Our starting point is the following inequality, 
hrst proved in Lemma 2.2 of [H2] in the case of hypersurfaces, and then extended to general 
codimension in Lemma 3.2 of |LXZ] . 
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Lemma 3.3 Let A4 an Riemannian manifold and A4 a submanifold of A4 of dimension 
m and arbitrary codimension. Then 




-1 

m + 2 \m + 2 ^ 


m 

m — 1 



(3.8) 


holds for any r] > 0. Here u = Yhija Rajij^i ® ^a, where uja is the dual frame to Ca- 

Note that if the ambient space is Einstein, like CP”, and if is a hypersurface, then 
cu = 0. So we can let r; —)■ 0 in inequality 03.81) and hnd 


|VA|" > 


iVhfl 


(3.9) 


m + 2 

For submanifolds of higher codimension, cj is in general nonzero. However, using the 
special properties of CP”, we can prove the following estimate. 


Lemma 3.4 Let M. be a submanifold of CP” of dimension m and codimension k < m. 
Then we have, at any point of Ai, 

I> -(m + 1) \ojf‘. 

9 

Proof. We hrst compute explicitly |a;|^ using a basis of type (B2). The relations 03.6p and 
the expression of R give 

^ajij ^9Fs(.^ay 

{ STr^r if a = m + 2 r — 1, i = 2r, j = 2r — 1, 

—^Tr^r if a = m + 2 r, f = 2 r — 1 , j = 2 r, 

0 otherwise. 

We recall that if k is odd then Or = 0 for r = Thus we have, for a general k, 

\uf = 18j2'^r^l ( 3 - 10 ) 

r<| 

Next we recall a lower bound on |VH| for general submanifolds Ai of CP” which was 
proved in |Ko] . Following the notation of that paper, for any vector held X tangent to Ai, 
we write JX = PX + FX, where PX and FX are the tangent and normal component of 
JX respectively. Similarly, for a normal vector held V we write JV = tV + fV where tV 
is tangent to Ad and fV is normal. Then Lemma 3.6 of ra asserts that, at any point of 
Ad, we have 

\XAf >2{\Pf\tf+ \FPf) . (3.11) 

In a given orthonormal basis, the above norms are 

m 2n m 

|F |2 = ^|Pe^|^ \tf = and |FP|^ = ^|FPe^|^ 

i=l a=m+l 2=1 
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We choose again a basis of type (B2) and estimate the above expressions in the cases k 
even and k odd separately, using the relations fl3.3p . fl3.6p . li k = 2d we have 


\Pf = {m - k) + (2 ^ z/^) 

r<d 

1*1'= 2E 


= m 




r<d 


r<d 


Therefore, using the property = 1 and the assumption m > k, we find 

|P|W = 

r<d r,s<d 

> 2m ^ - 2 ^ {r^ + 


r<d 


r,s<d 


= 2m'^T^ -2kY^ 

r<d 

> 2m ^(r^- 


r<d 


m, 


r<d 


rr) = jM 


If instead k = 2d + 1 we find 

\pf = (m-/c) + (2^z/2) =m-l- {2 ^t'^), 


r<d 


r<d 


\f = l + 2j2 


T^. 


r<d 


Therefore, 


|F|^|t|^ > m — 1 + 2(m — 2) — 2(/c — 1) ^ 

r<d 

> m — 1 + 2(m — 2) 




r<d 


2 2 


r<d 


Since for every r we have = 1, we deduce that Therefore, 

m — l>k — 1 = 2d, we find 

iFpItp > 2d + 2(m-2)^ 


2 2 
TU 


> 2(m + 2) 


r<d 


r<d 

2 2 "i + 2 
P^r = ^- 


U\ 


Finally, we have for any k 


\FPf = 2^ 


2 2 

T U = 
V r 


\UJ\ 


(3.12) 


using that 


(3,13) 


(3.14) 
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Putting together inequalities fl3.1ip . (I3.12p . fl3.13p and fl3.14p the conclusion follows. □ 


The previous result allows us to obtain an estimate similar to fl3.9p for general codi¬ 
mension. 


Lemma 3.5 For any submanifold M o/CP”' with dimension satisfying the assumptions 
of Theorem \l.l[ we have 




16 

9(m -I- 2) 


VH 


Proof. If the codimension is 1, then the result follows directly from fl3.9p . In the case of 
higher codimension, the trick is to combine the estimates from Lemma 13.31 and Lemma 
13.41 as follows: 


3|V2l|" = 2|V2l|" +|V2l|" 


> 2 


^ -T])\VHf 


m + 2 

Now we choose p = l/3{m + 2) to obtain 

16 1 


2 4 

-(m -hi)-, 

9^ m + 2 \m + 2 


2 _i m 

- V -7 

m — 1 


3|V2ir > 


3 m + 2 


NH 


-im + \) 
9 ^ ^ 


24 


m + 2 


\UJ\ 


CJ 


and the term inside square brackets is positive for m as in our hypotheses. 


□ 


We are now ready to prove the invariance of the pinching condition of Theorem 11.11 
We treat separately the case of hypersurfaces, where the analysis is simpler, and the 
case of higher codimension, where the two kinds of bases introduced before are essential. 
However, the strategy of proof is the same in the two cases: we consider the function 

Q= \A\^ -a\H\^ -h 


for suitable a, b, and we analyze its evolution equation showing that, 

f d \ 

some point (x, t) E Ai x [0, Tmax[, then ( — — A ) Q < 0 at this point. 


principle, the result will follow. 


dt 


if Q{x,t) = 0 at 
By the maximum 


Proposition 3.6 Let M.q be a closed hypersurface o/CP"', withn > 3. Then the pinching 
condition 

IHP <-^- \H\^ + 2{l-e) (3.15) 

m — l + e' 

is preserved by the mean curvature flow for any e E [0,1). 
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Proof. Let us set Q = \ A\^ — a \H'\^ — b with a = {m — 1 + e) ^ and b = 2(1 — e). Lemma 
Ogives 

= AQ-2{\VAf-a\VHf)+2{\Af-a\Hf){\Af+f) 

= AQ-2 {\VAf - a\VHf) + 2Q {\Af + f)+2b {\Af + f) 

-4 (hijh/Rpil - h^^h^PRpiij^ , 


where we have set 

f = Ric{i',iy) = 2{n + l). (3-17) 

By Lemma 13.51 the gradient terms in equation fl3.16p are non-positive and it suffices to 
consider the contribution of the reaction terms. Fix an orthonormal basis tangent to 
Ait that diagonalizes the second fundamental form and call Ai < A 2 < ■ • ■ < Am its 
eigenvalues. Recalling that any sectional curvature Ktj satishes Kij > 1, we hnd 


- 4 V - h‘’h‘-R,u,) = 


< 


A (^XjSijSjpRpiii XjXi6ijSipRpiij ^ 

hi 

hi 

-2 5^(Ai - Xif = -im\Af. 

hi 


(3.18) 


Since 2/a > 2m — 2>m-|-3 = r, we have 


2b {\Af + r) 


Am 



a 2 a 


By the maximum principle, the assertion follows. 


□ 


Proposition 3.7 Let AAq he a closed submanifold o/CP” of dimension m and codimen- 
2n — 3 

sion 2 < k < -. Then the pinching condition 


iAi^< 


m 


m — 1 + e 

is preserved by the flow for any e G [0,1). 

Proof. Again, let us set Q = | — a |iL|^ — 6, where 

1 , m — 3 — Ak 


(3,19) 


a = 


m — 1 + e' 


b = 


m 


{1-e). 
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By Lemma 12.11 we have 


^Q = AQ- 2(|VA|2 - a+ 2R^ - 2ai?2 + Pa, 
at 


where Pa = I + II + III, with 


/ = 4 E (E '*'*s) - 4E (E ■ 

\ 0( / jiS,p \ i,a / 

II = 2 RscsP ( ) - 2 « Psas^H'H^, 

s,a,/3 \ ij / -s,a,/3 

m = -8 R,„J^h'^hA. 

j,p,ot,fi \ i / 


(3.20) 


By Lemma 13.51 the gradient terms in equation (I3.20p are non-positive and it suffices to 
consider the contribution of the reaction terms. Let us divide the analysis into two cases: 
H = 0 and H ^ 0. Consider hrst a point where Q = 0 and H 0. To estimate /, we 
hx a and choose a tangent basis {ei,... ,6 ^}, not necessarily of kind (Bl) or (B2), that 
diagonalizes i.e. h"- = XfSij. Like in estimate fl3.18p . we have 

4 E - 4 E (E '‘^'‘ 5 ) 

= 4E RMKK - 

hP 

= -2Y,K,p{\t - 

hP 


Hence we obtain 

I < -4m|i|l (3.21) 

A basis of type (B2) is useful for estimating the terms II and III. We recall that the 
curvature tensor of the Fubini-Study metric, for every X, Y, Z and W tangent vector 
helds of CP”, is 

R{X,Y,Z,W) = gFs{X,Z)gFs{Y,W)-gFs{X,W)gFs{Y,Z) 

+gFsiX, JZ)gFs{Y, JW) - gFs{X, JW)gFs{Y, JZ) (3.22) 
+2gFs{X, JY)gFs{Z, JW). 

In order to study the term II, note that, with our choice of the basis, we have that 
-Rsas /3 = 0 for any s \i a ^ (3. Otherwise we have 

Psasa Xsa 1 T ^9Fsi,^s, J^a) , 
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which implies that 1 < Kga < 1 + ^Ss,a-m- Therefore, since a > ^, we have 

II = 

1 


5 , 0 : 


= 

5,0 

< 2 ^^(1 + 3 ( 5 s _, 

5,0 

= 2(m + 3)|i|^ 


a -1 

m 




(3.23) 


The most difficult term is III. Since Rjpa^ is anti-symmetric in j,p, while h^p is 
symmetric, we have 


III = 


^ ^ip^ij I — 3 Rjpal3 ( hj^ph^j 


j,P,a,0 




We now analyze the possible values of Rjpa/s- First £x a and /3 coupled by fl3.3p . meaning 
that min{a, (3} = m + 2r — 1 and max{a, (3} = m + 2r for some r < k/2. By symmetry, 
it suffices to consider the case where a < (3. We hnd 


R 


■jpa/3 


T i.^j,2r—l^p,2r ^j,2r^p,2r—l^ ‘2j2j.gpg(^ej, JCp^ ^ 


and 




9Fs{l^j)J^p) ■* 


V 



ifj = 2 s. 

P = 

2 s- 1 , 

S < -• 

* — 2’ 


ifj= 2 s-l. 

P = 

2 s, 

* — 2’ 

1 

if j = -I- 2s, 

P = 

k + 2s — 1, 

„ ^ m-k 
* — 2 

-1 

if j = fc -I- 2s — 1, 

P = 

k 25, 

„ ^ m-k 
* — 2 

0 

otherwise. 





If a and (3 are not coupled by fl3.3p . there are two indices r ^ s such that a is (or is 
coupled with) em+ 2 r-i and (3 is (or is coupled with) em+ 2 s-i- In this case we have 

Rjpafi T~rT~s (^^j,a—m^p,IS—m ^j,j3—m^p,a—m) ■ 
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Using what we have just found and summing all similar terms we have 


III 



Obviously III < \III\- Using repeatedly the triangle inequality and Young’s inequality, 
and taking into account that for any r and s 


| 2 < - < 2 , 
\TrTs\ < 1 , 
\UrUs\ < 1 , 

\^r\ Y 1 ; 


we have 

III < 16^E 


r<# * 




+ 


ktl. 


+ 


t m+2r—1 
'h 2r-l 


+ 


Kk 


+4 EE 


r^s<^ 




+ 


E 

E 

/ o 

im+2r 
'h 2s-l 

r^s,r<|,s<-^ 

i 



E E( 

1 ? m+2r—1 
^2 2s-l 

2 

+ 





«6EE( 

? m+2r—1 
'‘'i 2s 

2 

+ 





+16 E E( 

? m+2r—1 
'h A:+2s-l 




+ 


+ 


hTk 


+ 






+ 


7 m+2r 
'h 2r 


+ 


7 m+2s—1 
'h 2s-l 


7 m+2s—1 
2r-l 


+ 


7 m+2r—1 
^2 2r-l 


+ 


7 m+2s—1 
2s-l 


7jm+2r 
'h 2s-1 


+ 


t m+2r—1 
'h 2s-l 


+ 


t! m+2r 
2s 




+ 


Em+2r 

k-\-2s 


+ 


Em+2r—1 
'^2 A:+2s 


+ 


f r7i+2r 
'h fc+2s-l 
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Note that, if A; = 2, there are no indices r ^ s < Then, some of the sums in the 
expressions above are empty and we easily hnd that 

III < 16|i|^ 


If fc > 2, by collecting similar terms we hnd 


III < ^ ( 16 


2,r 


hTir'-' 


+ 16 


i,r,s<^ 




+ 


+24 

i,r^s< 

+16 E ( 

i,r,i 

< 8k\Af. 


rm-\-2r 
'H 2r-l 




+ f,k 


h^+2r 


+ 8k 


fer‘ 


+ 


t 171+21- 
'h 2s-l 


+ 


+ 7Ti+2r—1 
'h 2s-l 


+ 


^ m+2r 
k-\-2s 


+ 


7 m+2i—1 I t7Ti+2r 

'h k+2s “T 'h k+2s-l 


So we can say that in any case 

III < 8k\A\‘^. 

By (13.211) . (I3.23P and (I3.24p . we conclude that 

Pa = I + II + III < - 2 (m - 3 - Ak)\A\^. 


(3.24) 


Now let R = 2Ri — 2 ai ?2 + Pa- If we again consider a frame of type (Bl), Lemma 
says that at any point with Q = 0 we have 


R < 6 - 


ma — 1 
Ab 

ma — 1 


+ 

2(m — 3 


2mab 
ma — 1 
2 


4fc)j \L 


- 2(m - 

2b‘^ 
ma — 


3-4A;) |hi|^ -3|h_| 


2 2 

Observe that, for our choice of a and b, the coefhcient of |y4| |h_| is negative, while the 
one multiplying |hi| is zero. In addition, the assumptions Q = 0 and a > 1/m imply 

o 2 

that IAI > b. Using this, we obtain 


R < 


-3\L 

-3\L 



+ Ab\Lf + 2b{b- 


b + 


Ab 

ma — 1 


m + 3 + Ak). 


2{m 


3-Ak) 



Using 46|h_|^ < 3|/I_|^ + we deduce 


262 


ma — 1 


i? < 26 I -6 — m + 3 + 4A; 
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Our choice of b then implies that R < 0. 

Finally, let us consider the case of a point where Q = \Hf = 0. Then we have \Af = 
\Af = b, i ?2 = 0. Moreover, using Theorem 1 from [LL] . we hnd that 2Ri < 3 \A\'^ = 36^. 
As before, we obtain that Pa < —2{m — 3 — Ak)\Af‘ = —2{m — 3 — ‘ik)b. Therefore, 

R < 3b^ — 2{m — 3 — 4fc)6, 

which is negative for our choice of b. By the maximum principle, the assertion follows. □ 


4 The traceless second fundamental form 


Following an approach which goes back to [Ha El], the description of the asymptotic 
behavior of M.t will be obtained analyzing the traceless part of the second fundamental 
form and showing that it becomes small in a suitable sense if the curvature becomes 
unbounded. 

Since our initial manifold Aio satishes the assumption (II.2p . it also satishes inequality 
(I3.15p . respectively (I3.19p . for some £ > 0. We know from the results of the previous 
section that these inequalitis are preserved by the flow for all t > 0. 

As in |H3l IBaj . we introduce the functions 


W:=a\Hf + P, fa:= 


tFi—■ 

Here a is a suitably small non-negative constant, while a, 13 are dehned by 

2 


a = 


(m — 1 -I- e) (2 -I- r — 2^) 
m — 10 


3rn3 


if fc = 1 


if fc > 2 


2 if /c = 1 

^ = { m-3-Ak (4-1) 

- it K > 2. 

m 


The main result of this section is the next proposition, which gives a differential 
inequality satished by fa- 


Proposition 4.1 Under the assumptions of Theorem M . 1\ there is a Ui depending only on 
M.Q that for all < a < ai 

< A/. + (V/., V \H\^) - 2CAV<^-^\VH\^ + 2a |A|' U - 2C,fa, (4.2) 

for some constants Ci > 0 and C 2 > 0 depending only on m and the initial data. 


Proof. Let ns analyze the evolution equation for f^. A straightforward computation gives 


A/. 


A|i|" - a{l - a)^A\H\^ - (V/„, V |i/|") 

+aV(l-a)4|V|iltr- 


(4.3) 


18 



















Therefore 




dt 

2a(l — a) 

W 


W \ dt 
fa 


v/,, V |J?n - aV(l - <t)^ I V lif 


i2|2 


Let us first consider the case of hypersurfaces k = 1. Using Lemma and neglecting 


the negative | V \H\ [ term, we have 

2 a(l — a) 


< ^fa 




+ 2 fU'"-^ 

,(1 -d 


W 

-h /o(l - a)a 

m 


+2(3 


fa {\A\^ + f) + 2afa {\Af + f) 


(4.4) 


W _ 

Our choice of a and (3 gives 0 < /o < 1. Hence, by Lemma [331 

" 1 


IVHI" + 

< 


m 

1 

m 


+ foil - a)a 


NH\ 


+ a \VH\^ - |VH|^ = -Cl\VH\ 


(4.5) 


where Ci = — a is positive for our choice of a and m > 5. It remains to estimate 

the reaction terms. Let us set 


R := 2(3 


(1 -^) 

W 


fa {\Af +f)+ 2afa {\Af + f) - 4W--^ ■ 


Using inequality fld.lSp we have 




d(l - a) 


\Af + r 

W 


+ ct(|H|^ + r) — 2m 


From fl3.15p and the dehnitions fl3.17p . fl4.ip of r, a and /3, we obtain 

|H|" + f < -^- \Hf + 2(1 - £) + f = 

'' ~ m-l + e' ' ^ ^ (3 

Since m > 5 and £ is small, we have 

R < 2/cr [(1 - (t)(/ 3 + r - 2^) + f(T - 2m] + 2(T/cr |H|^ 

= 2/,, [5 - m - 2£ + a(2£ - 2)] + 2afa |A|' < -4efa + 2afa |A|" . 

This inequality, together with fl4.4p and fl4.5p . implies the assertion for the case of hyper¬ 
surfaces, with C 2 = 2e. 
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Let us now turn to the case k > 2. From Lemma 12.11 and the properties of the 
curvature tensor R, arguing as in the estimation of term // in the proof of Proposition 
13.71 we hnd 


= A|77|^-2|Vi7|V2i?2 + 2 

at 

5 , 0 ; 

> A|//|^- 2 |VL^|V 2 i ^2 + 2 m|i^|^ 

Moreover, by Lemma [2.11 we have 

^\Af = A|i|' - 2 ( IVA|" - - + 2 (R, --R 2 ] + P±, 


dt' 


m 


m 


where, like in the proof of Proposition 13.71 


P± < -2{m - 3 - 4:k)\Af 


Then 


m 


fa < - 2 (^\VAf - ^ I^ 


+fF' 


a—1 


m 


2 i?i- R 2 - 2(m - 3 - 4:k)\A\‘ 


-a{l - a)^ (A |i7|^ - 2 |ViL|^ + 2 R 2 + 2m\Hf) . 


Using the expression found previously for Af„, we obtain 


< A/, 


^ 2a(l — a) 
+2W^-^ 


^ (Vf^,VjHj^)-2W'^-^jVAf 

— + /o(l - a)a 

m 


+2fU' 


cr—1 


Ri - R 2 

m 

f. 


NH\ 


fa 


2 a(l 


-2ma{l - a)^ \Hf - 2(m - 3 - 4A:)lU^-^|7l|^ 

To estimate the gradient terms, we use Lemma 13.51 Let us set 

^ 16 4m — 10 

^ “ 9(m + 2) 3m2 ’ 

which is positive for all m > 0. Then we have, using again 0 < /o < 1, 


-h /o(l - cr)a 

m 


\VHf < 


1 4m —10 .2 

— + a] VLT = „ , IVLTI 


m 


16 


9(m + 2) 


(4.6) 


(4.7) 


3m? 

Cl) |VL7|^< |V7l|2-Ui|Vi7|% 
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which yields the desired estimate. Let us now analyze the reaction terms. We can write 
them as 

R = 2W^-^R' + 2aa{^R2 

W 

where 


R' 



W-a\AfR2 


am{l 


a)\Af\Hf 


{m - 3 - 4k)\A\^W. 


We hrst estimate 

< 2aa^\Af\Hf 

< 2cTf,\A\\ 

The rest of the proof is devoted to the estimation of R'. By Lemma [3.21 


Ri - -R2 < \kf + k\kf \Hf + Mhif\h-f + 

mm 2 

Moreover \A\^ = |hi|^ + \h-\^ and R2 = \hif‘ \Hf‘ + ^ \Ht■, so 

R' < 3a\k\^\h_\^ \Hf+ -a\h_\'^ \Hf -—\Lf \Hf 

2 m 

+/3|hi|‘^ + 4/3|hi|^|h_|^ + 2^1^- 

+ ( — — ma{l — a) — a(m — 3 
\m 

—a (m(l — cr) + m — 3 — 4/c) \h-f \Hf 
—j3{m — 3 — Ak) . 


-4fc) ) \k\^\H\^ 


(4.8) 


(4.9) 


Since the pinching condition fll. 2 p holds, we have that 


\m — 1 
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Then we have 


R' = R'+ 


\Lf\Hf + 


2(3 


m{m — 1) 


3a 


\h-f\H\" 


< R! 


m{m — 1) 
3a 


m{m — 1) 
2(3 


m{m — 1) 

2 I rr|4 , 2/3 


ir + i/^-r 1^1 




m{m — 1) 


1 ^- 11 ^! + 


m{m — 1) 


if + \h.n\H\ 


-3a(|hi|^ + \h-f - P)\h.f \Hf - 2(3 \hi\^ + |h_ 


+ \h-\^- 


. "i-4 1;° |2|„|4 

< —a—^-^l^-l \H\ 


+ 

+ 


m{m — 1) 

r ^ 

p 


m — 1 m 
2 2 


— a{m{2 — a) — 3 — Ak) 




m — 1 m 
+/3 (2(3 — 772, + 3 + 


— a{m{2 — a) — 3 — Ak — 3(3) 


\h_\^\H\^ 


Our hypotheses give (3 < \(m — 3 — Ak). We can further assume that a is small, say 
cr < 4. Using these inequalities, the condition m > Ak + 3 and the inequalities 


2/3 


/3(m + 1) m — 3 — Ak 
< < 


m(m — 1) m(m — 1) 


4m 


we obtain 


R' < 


/3 


m + 1 


a 


m(m — 1) 4 


- - (7m - 12 - IQk) 


\hi?m 


2/3 


[m(m — 1) 

+/3 (2/3 - m + 3 + 


7 


a ( -m — 3 — Ak — 3(3 




+ l^-l 


< 


m — 3 — Ak a , 

-^-- 7m - 12 - 16fc 

4m 4 


m-3- Ak a 

-^-- (4m — 3 — Ak) 

Am A 




-2(3^ 


+ l^-l 


< 


m — 11 3m 


4m 


-a 


{\h,f + \h.f)\Ht 


-2/3^ 


+ l^-l 


< -OalTllV, 
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for some positive constant depending only on m. Together with 04.81) . this implies that 


R < 2aU + 2W^-^R' < 2a |/l|2 - 2 C 2 U, 
which conclndes onr proof. □ 

We now prove some other estimates which will be needed in the following. 

Lemma 4.2 We have the estimates: 

1) ^1^1^ ^ “ 2(^3 \VA\‘^ + 4 for some C 3 > 0 only depending on m, 

2) ^ \Hf > A \Hf - 12 \H\^\VHf + — \Hf. 

at m 

Proof. In the case of hypersurfaces, inequality 1) follows easily from Lemmainequality 
03.9p and estimate 03.18p . For higher codimension we use Lemma [2.11 

^\Af < A\Af -2 (\VAf -— \VhA 

at \ m J 

+2 (Ri - ^2 ) + Pj^- 

\ m J ^ 

By Lemma 13.51 we have that —2(|VA|^ — ;^|ViL|^) < — 2 C 3 |VA|^ for some positive 
constant C 3 . Moreover, using Lemma [3.21 

R 1 --R 2 < \hif + 4:\hi\^\L\^ + l\Lf + -\h,\^\Hf 

m 2 m 

< 2 (|Ay + iwy + ^\Hf (i/iy + |/L|^) = 2|ii^ . 

Finally, like in the proof of Proposition 13.71 


P± < -2{m - 3 - Ak)\Af < 0. 

m 

This proves inequality 1). To prove the second part, we use again Lemma [2.21 and 02.ip . 
For hypersurfaces we obtain 

= A\Hf-2\V\Hff-4\Hf\VHf+ 4\Hf(\Af+ f) 
at ' ' 

> A\H\‘^-12\Hf\VHf +— \Hf . 

m 

For higher codimension we use the inequality 

2 R 2 = 2 \H\^ (\hif + — \Hf] > — 

\ m J m 
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and we find 


m 



+2\Hf (2R2 + 2j2Ksa\H^n 

\ s,a / 

> A\Hf -12\H\‘^\VH\‘^ + — \Hf . 


m 


□ 

2 

Finally, we consider the evolution equation for |VFr| . With the same proof of Corol¬ 
lary 5.10 in |Ba] . we have the following result. 

Proposition 4.3 There exists a constant C 4 depending only on Mq such that 

4 \VHf < A\VH\^ + + 1) I. 


5 Finite maximal time 


In this section we consider the case that our flow develops a singularity in finite time and 
prove convergence to a round point as stated in Theorem 11.11 

Since Mo is compact, there is also an e > 0 small enough such that 

\Af <a\Hf + b, (5.1) 


where 


1 

m — 1 4- e’ 


b 


2(1 -£) 


m — 3 — 4/c 
m 


(l-e) 


a k = i 

a k > 2. 


(5.2) 


We know that inequality (15. Ih with the above choice of constants remains preserved 
during the flow. As in the previous section, we let W = a\Hf + (3, where a, (3 are chosen 
according to fl4.ip . We observe that 


2mW > 2m ( a—^]\Hf + 2mb 
\ m J 

= 2 \Hf+ 2mb> a\Hf+ b>\Af. (5.3) 

m — 1 + s 

Theorem 5.1 Let the assumptions of Theorem li.il hold. If Tmax is finite, there are 
constants Co < 00 and ao > 0 depending only on the initial manifold Aio such that for 
all 0 <t < Tmax we have 
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To prove this result we will bound from above the function /o- introduced in the previous 
section. For a > 0, the positive term 2(j/o- \A'f in fl4.1l) prevents us from using the 
maximum principle. Therefore, as in Huisken |H3] and Baker |Ba] . we will obtain integral 
estimates on exploiting the good negative \'VH\ term by the divergence theorem. 
These estimates allow to deduce the desired sup-estimate through a standard iteration 
procedure. 

The starting point of our proof is the contracted Simons identity computed in [ABj . 
formula (23). Using this we easily obtain 

A|i|^ > 2|vi|^ + 2 +2Z- c|A|^ 

where c > 0 is a suitable constant only depending on m, k and 

i,j,P,O!,0 a,0 \ i,j / i,j,oi,0 \ P 

Using our pinching assumption we also deduce 

A|i|^ > 2| Vi|^ + 2 + 2Z- yfU, (5.4) 

where 7 only depends on m,k. 

To understand the properties of Z in the case of hypersurfaces, it is interesting to 
relate the pinching condition fll. 2 p to the positivity of the intrinsic sectional curvature of 
the submanifold Ait- 

Proposition 5.2 There exists a constant c = c{m) such that if k = 1 the intrinsic 
sectional curvature of Ait satisfies at any point 

K > £cW > 0. 



Proof. Let ei,..., be a orthonormal tangent basis that diagonalizes the second funda¬ 
mental form. For any i ^ j the Gauss equation gives 


Aiij ^ij T ^i^j- 

Like in |H3j . we can use the following algebraic property: for any i ^ j 


= -2A,Aj + ( A, + Aj 


m — 1 


\H\ 


m — 1 


lA-i 


\H\ 


m — 1 


Then we have 


^ — 2 XiXj. 

2 Kij > 2 -|A|" + 


(5.5) 


2 , 1 I rr|2 


m — 1 


\H\ 


> 


= e 


^ a]\Hf + 2-b 


m — 1 


(m — l){m — 1 + e) 
> ec {a \Hf‘ + ff) >0, 


liLl +2 
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for a suitable c = c(m). □ 

We cannot use the same argument in higher codimension because we cannot diago¬ 
nalize simultaneously the tensors h", for a = m + 1,..., 2n. However, as a consequence 
of our other estimates, we will prove at the end of this section that also in this case the 
sectional curvature of the evolving submanifold becomes positive for time large enough. 


Lemma 5.3 There exists p > 0 depending only on m, k such that Z satisfies 

Z + 2mb\Af > pe\A\‘^W. 


Proof. Let us hrst consider the case of hypersurfaces. Choosing a basis that diagonalizes 
the second fundamental form, using Gauss equations. Proposition 15.21 and < 4, we have 


= 5^ A.A, (A, - 

i<j 

= 5^A-„(Ai-Ay-5^/?«(A.-A,)" 

i<j i<j 

> ec{m)W\Af‘ — 4m|H|^ = ec{m)W\Af‘ — 2hm\A'\‘. 


For k > 2 we need to distinguish the cases H = 0 and H ^ 0. Let us examine hrst the 
case H 0. We use an estimate proved by Andrews and Baker, see page 384 in |AB] . 
which gives 


m ° 4 3 ° 4 m + 2 ° 


Z > - — \hi\- -\h_ 


\hinh-r + 


2{m - 1) 


hif + \h_f) \Hf. 


Since fl5.ip and 05.21) hold, we have \Hf > ^ 

m4 3 ° 4 m -|- 2 ° 2 


\hif + \h_f — b]. Then 


^ —|hir--|h_| 


|hi|>_| 


m 


2{l-e) 
em 


|hi|V|h_n [\hi\^ + \h- 


2{l-ey 2(1 - e) ' ' 

^ m-2 + £(m + 2) “ ,2 

-|hi| |h_| — 


2(1-e) 


™ b\A\\ 


2(1-e) 


We may assume that e > 0 is small enough in order to have 2m > 2 ( 1 ^ ■ Then the above 
estimate shows that there exists pi = pi(m) > 0 such that 


Z -I- 2mb\Ay > epi\Ay. 


26 

















On the other hand, using the definition of Z and estimating various terms with Peter- 
Paul’s inequality, we find 

Z>pMf\E\^-p^\A\\ 

for p 2 and ps depending on m. Combining these two inequalities we obtain for any 
0 < c < 1 

Z + 2mh\Af‘ > c {p2\M^ + ‘irnh\Af^ + (1 - c) (^epilAf'^ . 

Choosing c = we have 

® epi+P3 

Z + 2mb\A\^ > c (p 2 \Hf + 2mb) \Af‘. 


The assertion follows for p small enough. 

When i/ = 0 we have |y4| = |A| <b and W = (3 = b. Using Theorem 1 in |LL] we 
find 

z > -\\At >-\b\A\‘. 

Hence we have 


Z + 2mb\A\^ > 




\AfW > ep\AfW, 


provided p > 0 is small enough. 


□ 


Next we derive a Poincare-type inequality on /„-. 


Proposition 5.4 There exists a constant depending only on m, k and Ado such that, 
for any p > 2, 0 < a < l/d and p > 0, we have 

ep [ f;wdp < (,(p+l) + 5)/' f fr^lVfPdp 

JMt JMt V JMt 

+Amb f ffdp+-Cl 
JMt P 


Proof. Plugging equation fl5.4p into fl4.3p . we find 

AA > 2W^-^\vA\‘^+ 2^^^^-^ (hij,\/iVjH)+2W‘^-^Z--fW^ - a{l-a){AA\H'^ 


W 


2q!( 1 — cr) 

W 


(VtA, Vt \Hf) + aV(l -a)^\V\H 


|2|2 


The terms 214^°^ and a^cr(l — cr)^ |V |Pf|^| are positive, so we can omit them. 

Thanks to Lemma [5.31 we have 


AU > 2W‘^-^{h,j,V,VjH}-a{l-a)^A\Hf- 


/<^aiui 2 2a(l-a) 


W 


(V/.,V|LfO 


+2£plU'"|H|^ - 4mbf^ - yfU'". 
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We multiply the above inequality by and integrate on Ait- All terms, except the 
last two negative ones, can be estimated as in Lemma 2.4 in |H3] and Proposition 5.5 in 
[Baj . In this way we obtain, for any rj > 0, 

2ep [ f^Wdp < (,(p+l) + 5)/ + ^ f fr^lVUfdp 

JMt JMt ^ JMt 

+Amb [ + 

JMt JMt 

In order to estimate the last term we use Young’s inequality: 

< ylY ( 1 , Vr > 0. 

\P P ) 

Choose r such that = ep. Observe that r is uniformly bounded from above for 

large p. Moreover {a — l)p + 1 < 0 and IP > /3 > 0. Then and we 

have 


-yr^* / < -yrP/3('"-i)P+Wol(A4t) 


P JMt 


P 

< -yrP/3('^-i)P+Wol(A4o) < -Of 
P P 


for a suitable C 5 > 0 depending on ATq. 


□ 


We can now bound high L^-norms of f^, provided a is of order p 2 . This is the step 
where the hypothesis T^ax < 00 is used in an essential way. 

Proposition 5.5 IfTmax < + 00 , there is a constant Cq depending only on m, k, A4o, Tmax 
such that for all 

16 9 

P > — + 2 a < 


Cie 


2 ’^my^ 


we have the inequality 


f fldp\ < Ce, for all t < T^ax- 
'Mt / 

Proof. We multiply inequality (14. 2 p by integrate and obtain 


d 

dt 


fPdp + pip-i) I /r^ivM^d/i+2Cip / ivid|^ip"-vr> 


'Mt 


'Mt 


'Mt 


< 4pa / |id| W-i I Vid| IVM ff-^dp + 2ap / |A|2 ffdp 


JMt 

-2C2P f FJp. 

JMt 


'Mt 









Using that a \H\ < W 2 and /o- < W, we have 


Apa / \H\W-^\VH\\Vf,\fl-^dpi 

JMt 


< 


< 


PjP - 1) 
2 

8p 

P- 1 „ 
P(P- 1) 
2 

8p 

P- 1 „ 


'Mt 


a\H\ 


W 




[ ct\H\ 


\VHfdp 


fr^ivufdp 


'Mt 


W<^-^fP-^\VHY dp. 


'Mt 


With our choice of p, we have Cip < 2Cip — In addition, fl5.3p shows that \A\" 
2mW. Therefore 

4/ /» + ALpP f /p-^|v/,i^<if.+cip / ivffi'w^-vrvp 


dt 


'Mt 


'Mt 

|2 


'Mt 


< 2ap \A\^rjp-2C2P FJp 


'Mt 


'Mt 


< Aapm WFdp-2C2P Fdp. 


'Mt 


'Mt 


Thanks to Lemma 15.41 we obtain for any 77 > 0 


4 / » + 


dt 


'Mt 


< 


p(p -1) 

2 

Aapm 


/r' Iv/.i' d/x + c^p / ivid|' w^-Fr^dp 


'Mt 


'Mt 


ep 


{p{p+i)+b) / wvr'ividi'dp 


'Mt 


+ — f /r" I V/,t Xp + 4m6 f ffdii + icf 

P dxWt JMt P 


V JMt 

- 2 C 2 P [ FJp. 

JMt 

Choosing p = and using our assumptions on m, p and a, we have 
Lp!!1(p(p + i) + 5)<c.p, 4.p(p + i) ^ p(p-i) ^ 


ep 


Then 


d 

dt 


epp 


/ Fdp<C2 Fdp + C,, 

'Mt JMt 


where 


82m^pba 


8am 






















Since T^ax is finite, we obtain the assertion for a constant Cq independent of p. □ 

To prove Theorem 15.11 we can now proceed as in |H3j via a Stampacchia iteration 
procedure to uniformly bound the function when T^ax < oo. 

Next we establish a gradient estimate for the mean curvature flow. This estimate is 
required to compare the mean curvature at different points of the submanifold. First we 
need some technical inequalities. As before, we denote by Ci constants only depending 
on m, k and the initial data. 


Lemma 5.6 

< ^{\H\^\A\^)-C^\H\^\WA\^+ Cj\VA\^ 

at 

+2\Hf\Af{3\Af + 4m) 

for some constant Ct > Q. 


Proof. By Lemma 12.11 and 14.21 


A 

dt 



< 


A{\Hf \Af) - 2 (v \Hf - 2C3\Hf \VAf 

-2\A\^\VHf + 2\Af \Hf (3 |A|^ + 4m). 


Furthermore we have 


- 2 (^V|iL|^V|i|^^ 


< 4|iL| ^|ViL|,V|i|^^ 

< 8|iL| |ViL| li^VAl 

< Q\H\V^frk2\\^Af\Af. 


We can estimate the last term using Theorem 15.11 and Young inequality, to find that 
there exists a constant C 7 > 0 such that 


6 |Fr| VmW2 |VA|^ |i|^ < 

< 


6 \H\ |VA|" ^ {\H\^ + 1) 

C^lHflVAf + CrlVAf. 


□ 


Now we consider the function 


g=\Hf\Af + 




(5.6) 
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Using Lemma [4.21 Lemma [5.61 and \H'f‘ <m\A'f we obtain 

< ^g-C^\H\^\VA\^ + C,\VA\^ + 2\A\^\H\\?>\A\^ + Am) 

(^ + l) [-2C,\VAf + 4\Af\Af^ 

< Ag-Cs \Hf |V 2 l|^ - ACs |V 2 l|^ + 2\Af \Hf (3 | 2 l|^ + 4m) 

+4 (^ + i)dn^i" 

< !\g-C3(\H\^ + l)\VA\^ + 2\A'^\A\^[im\A\^ + C^), ( 5 , 7 ) 

where = Am^ + 2 ^ + 2 . 

Proposition 5.7 If Tmax < oo, for every g > 0 small enough there exists a constant 
Cn > 0 depending only on g such that the inequality 

|V/7|'<r/|i7|" + C', 

holds for all times. 

Proof. Let / = |ViL|^ + ^(<^4 + I)g — g \H\‘^ with > 0. By Lemma 14^ Proposition 14.31 
and inequality fl5.7p we have 

< Af + C,{\Hf + l)\VAf-{C, + l){\Hf + l)\VAf 

+^{C, + l)|i|2 |21|2 (3m |21|2 + C8)-g(- \Hf - 12 |Vi7|') . 

Cs \m J 

We can use Lemma [3.51 to hnd 

- (|77|" + 1 ) |V 2 l|" + I2g \H\^\VH\^ < |i7|" - 1 + ^(m + 2)ri^ | , 

and therefore the gradient terms are non-positive for g sufficiently small. The remaining 
terms are 

R := + l)|i|' |21|2 (3m |2l|2 + Cg) - ^ \Hf . 

Cs m 

Using the pinching condition (15.Ih we have 

R < ;^(C'4 + l)|i|'(a|i7|V6) (dmalT^lVCg) 

C 3 ' ' m 

where Cg = 3m6 -|- Cg. Hence, thanks to Theorem 15.11 we obtain 

R < ^{Ci + l)CJ\H\^ PlA'" {a\H\^+ h){?>ma\H\^+ CA-^\Hf 
C 3 m 

< ■^p(C *4 + l)C*o ^/^(l — cr) (l-^l T 1 ) + cr/i ^ (a \H\ + h) (Sma \H\ P Cg'j 

m 

< CiO) 
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for some constant Cio if /i is small enongh. Putting these estimates together, we have 
d 

—/ < Af + Cio- Since T^ax < oo, we conclude that there exists a constant depending 
ot 

only on rj such that f < C^j. Then, from the definition of /, we have 

\VHf < \VHf + + l)g<V\Ht + Cr,- 

P 3 


□ 


As we have mentioned at the beginning of this section, when the codimension is greater 
than one we cannot repeat the proof of Proposition 15.21 However, using Theorem 15.11 and 
Proposition 15.71 we can prove that, if time is large enough, the sectional curvature of the 
evolving submanifold becomes positive. 

Proposition 5.8 There are constants /i > 0 and ‘d > 0 such that, for any time -d < t < 
Tmax < 00 , the intrinsic sectional curvature of Ait satisfies 


K > fiW > 0. 

Proof. From Gauss equation we have that 


2n 


2K„ = 2K„ + 2 


a=m+l 


(5.8) 


where Ktj is the sectional curvature of Ait of the plane spanned by two orthonormal 
vectors ei,ej, and Ktj is the sectional curvature of the same plane, but in CP”. The 
idea is to use fl5.5p restricted to the normal direction parallel to H. To this purpose, 
we £x an orthonormal basis of type (Bl) with the additional requirement that ei,..., 
diagonalize and let < • • • < be the eigenvalues of Recalling that 

K > 1, fl5.8p becomes 


2n 


> 2 + 


= 2 + 


> 2 + 


m — 1 
1 


H 


2Kij > 2 + 2Ar+'A7+'+ 2 ^ 

a=m+2 


JJ 


h. 




m{m — 1) 
1 

m{m — 1) 


\H\ 


|hi|^-2|h_| 


By Theorem 15.11 we have 

2Kij > 2 + 


m{m — 1) 


|Tr|^-2|A|^ 


|i/|^ - 2Co + 1) 


(5.9) 


1 —(7 


(5.10) 
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Fix some 0 < /i < i}. Then there exists H* such that, if \H\ > H*, then 

2 + , ^ \Hf - 2Co (\Hf + !)'■" > 2/ihF = 2/i(a + /3). (5.11) 

m[m — 1) 

Let H{t) = max_A 4 t \H\. Since Tmax < +oo, we know that Hit) —)■ +cxo as t —)■ Tmax, and 
so there exists such that Hit) > H for all ■d < f < Tmax- Fix some 0 < rj < ^. By 
Theorem 15.71 there is a constant with |ViL| < \Hf + C*^. By choosing larger H* 
and tt if necessary, we can assume that Cn < ^rfiH*)"^ and so |VTr| < rfHit)"^ on M.t 
for t >'d. Now £x any t E]'d,Tmax[ and let x be a point on Ait where |Tr| assumes its 
maximum. Along any geodesic starting from x of length at most r = [7]Hit)]~^, we have 
\H\ > (1 — v)Hit) > \Hit). By inequalities (I5.10p and (I5.1ip we hnd that 

K > fiW > \Hf‘ > fia —-— > 0 

holds in all Brix), with /i independent on the choice of rj. Then in B^ix) we have RiCij > 
(m — 1)^Hit)"^Qij. Applying Myers’ theorem to geodesics in B^ix) we have that, if such 
a geodesic has length at least 2ti iHit)^ then it has a conjugate point. So if r] is 
small, precisely such that 

27r _ 1 

Hit)y/JIa iHit) 

then Brix) covers all Ait- □ 


To conclude the proof of the convergence of Ait to a round point we use the main 
result of |LXZ] . which states the following: given any Riemannian manifold with bounded 
geometry (in particular, the complex projective space), there is a constant bo > 0 such 
that if a submanifold of dimension m satishes 

lAI^ < ^-IHI^ - bo, (5.12) 

m — 1 

then the mean curvature flow of this submanifold contracts to a round point in hnite time. 
Our pinching condition fll.2p on Aio is weaker than fl5.12p . but our analysis implies that 
(15.121) holds on Ait for t sufficiently close to Tmax, as the next result shows. 


Proposition 5.9 For every bo > 0, there exists a time 0 < t} < Tmax such that inequality 
(15.121) holds on Ait for all tt < t < Tmax- 


Proof. By Theorem 15.11 we have 




m 


\Hf + bo = |A| 


m(m — 1) 

< Co{\Hf + lY~^- 


Hf + bo 

1 


m(m — 1) 


\H\ + bo. 


which is negative at the points (x, t) where \Hf (x, t) is big enough. Using Myers’ theorem 
as in the the proof of Proposition 15.81 we obtain the assertion. □ 
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6 Infinite maximal time 


Throughout this section we assume T^ax = oo. In this case, the argument is simpler than 
in the case of hnite maximal time, because the improvement of pinching can be obtained 
directly from the maximum principle, as shown in the next result. 


Proposition 6.1 There are positive constants Cq and 6 q depending only on the initial 
manifold Aio such that 

< Co {\Hf + 1) 

holds for any time 0 <t < T^ax = oo. 


Proof. Using Proposition 14.11 with a = 0 and the maximum principle, we have that 

/o < 


for some positive constants Cq and (5o that depend only on the initial data. Recalling that 

° o 

f 1-41^ 

we obtain the assertion for an appropriate constant Cq- □ 

Note that the above result is trivial for small values of t, while it becomes signihcant 
when t is arbitrarily large. As a hrst consequence of this estimate, we can prove that the 
intrinsic sectional curvature of the evolving submanifold becomes positive for time large 
enough, similarly to the case of hnite maximal time. 


Proposition 6.2 There are constants /i > 0 and 'd > 0 such that, for any time ilt < t < 
Tmax = oo, the intrinsic sectional curvature of Ait satisfies 

K> pW > 0. 

1 2 ^2 

Proof. As in the proof of Proposition 15.81 we have > 2 + \H\ — 2| A| . By the 

exponential decay of |A| proved in Proposition 16.11 we have 

2Kii >2 + —^-- \Hf - 2Co (\Hf + l) 6"^“* > 2pW > 0, 

m(m — 1) ^ 

for p > 0 small enough and t sufficiently big. □ 


Now we can follow a procedure similar to the previous section. 


Lemma 6.3 There exists Ct > 0 such that 

^\Hf\Af < A{\Hf\Af)-C3\Hf\VAf + C7\VAf 

+2\Hf\A\A3\Af + 4:m). 
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Proof. We proceed like in the proof of Lemma 15.61 but this time we use Proposition 16.11 
to hud that 


6|i/|\/mW2|Vkl|^|i|^ < 6 \H\ Vm + 2 |Vkl|^ \/Co{\Hf + 

< CslHflVAf + C-rlVAf 

if Cy is chosen large enough. In fact, for t large enough this follows from the exponential 

o 2 

decay of \A\ , while if t varies on any compact interval of [0,oo[ it follows from the 
boundedness of |iL|^. □ 

Now we consider the function g dehned in (15.61) . Using Lemma (4.21 and Lemma [6.31 
we can repeat the computations of the previous sections to conclude that inequality (15.71) 
holds also in this case. We can now prove a gradient estimate for the curvature. 


Theorem 6.4 For every rj > 0 small enough there exists a constant Cn > 0 depending 
only on rj such that for all time we have the estimate 

\yH\^ < {7]\H\^ + C^) 

Proof. The proof is similar to Proposition 15.71 Let us dehne 


/ = e^ot/2 ^ ^ ^ 


H\\ 


By Proposition 14.31 Lemma 14.21 and inequality (15.7p we have 


m 


/ < A/ 


y ^ (C 4 + Som) {\Hf |i|^ + 2(U7 + l)|i|- 

-6om{\H\ + 1) |VA| + — (C '4 + (5o?ti) 1^41 (3m|y4| PC's) 

6^3 


12\Hf\VH\ 


Jot/2 


Jot/2 




m 


By Lemma 13.51 the gradient terms satisfy 


+ 1) |V7l|' 


< 


5o 166om 
2 9(m + 2) 


Jot/2 


+ 12g\Hf \VH\ 


{\Hf + l) + 12g\H\ 


|VJy| 2 g< 5 ot /2 


and therefore they are non-positive for g sufficiently small. We call R the remaining terms. 
Using condition (II.2p and Theorem 16.11 we can hnd a constant A such that 

2g 


R < CoA{\Hf+ 1 ) + - -\H 


< 


CqA {\Hf + 1 ) (|i7|^ + 1 ) - — \Hf 


m 


^-5ot/4 


^ C'loc 


-Sot/4 
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for a suitably large constant Ciq. Note that this is true, because e is small, for t big 
enough, and because \H\ is bounded, for t small. Then there exists a constant such 
that f < Crj. Recalling the dehnition of / we conclude the proof. □ 

We now show that, if T^ax = oo, the curvature is uniformly bounded. 

Lemma 6.5 If T^ax = oo, then \H\ is bounded uniformly for all t. 


Proof. Let Bq the constant which appears in the main theorem in |LXZj . From Proposition 
16.11 we have 


l^f 


m — 1 


\Hf + bo = lAf 


m{m — 1) 


1^1 +feo 


< Co (|i/| V 1) - 


m[m 


1 ) 


\m +bo. 


2 

Observe that the right-hand side is negative if t and \H\ are big enough. Using Proposi¬ 
tion 16.21 and Theorem 16.41 we can apply Myers’ theorem like in the proof of Proposition 
15.91 to show that, if the curvature is sufficiently large at some point, then it is large ev- 
erywhere. Therefore, if \H\ becomes arbitrarily large as t —)■ cxo we obtain that, for t big 
enough, 

|4l|'- ^—\Hf + bo<0 

m — 1 

everywhere on Ait. Then the main theorem in |LXZ] implies that the mean curvature 
flow with initial value Ait shrinks to a point in hnite time, giving a contradiction. □ 


Now we have all the ingredients to prove the convergence in the case T^ax = C) 0 . Since 
\Hf stays bounded. Proposition 16.II and Theorem 16.41 give that there is a constant C such 
that 

\Af < Ce-^°\ 

Applying once again Myers’ theorem, the diameter of Ait is uniformly bounded and so 
mL.- miin < Ce Moreover = 0 otherwise the evolution equation 

for \Hf from Lemma l2.ll together with (13.71) . would imply by a standard comparison 
argument the hnite time blow up of \Hf, in contradiction with the assumption T^ax = 
-|-oo. Then \Hf decays exponentially fast and 

|yl|^ = \Af + — \Hf < 
m 


for some C > 0. We deduce 



m 


9ij 


dt 



H\ |A| dt < y/m 



poo 

\Afdt<y/fIiC 

Jo 


for some C > 0. So we can apply a result by Hamilton |Hal Lemma 14.2] to obtain that 
there is a continuous limit metric gij{oo). By the same method used in |H11 §10], we can 
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show that the exponential decay for \A\^ gives the exponential decay for all derivatives 
by means of interpolation inequalities. This dually gives C”®-convergence to a smooth 
totally geodesic submanifold M.oo- By our smallness assumption on the codimension k, 
the only possibility is that A^oo = CP” for some n' < n as implied by Theorem 3.25 
of |Bel] . Therefore, if k is odd this possibility cannot happen and we can only have a 
singularity in hnite time. This concludes the proof of Theorem 11.11 

7 Extensions to quaternionic projective spaces 

In this last section we show that in the case of hypersurfaces our main result, Theorem 
11.11 can be easily extended to the flow in a quaternionic projective space. Let K be either 
the held C of complex numbers or the associative algebra HI of quaternions, and let c be 
a positive constant. We denote by ]KP”(4c) the projective space over IK with sectional 
curvature c < K < Ac, and we consider the mean curvature how of a real hypersurface of 
]KP”(4c). 

Theorem 7.1 Let n > 3, c > 0, and let M.q he a closed real hypersurface o/]KP”(4c). 
Let m he the real dimension of M.q and suppose that AIq satisfies 

\Af < ^—\Hf + 2c. (7.1) 

m — 1 

Then the mean curvature flow with initial condition Aio has a smooth solution M.t on a 
finite time interval 0 < t < T^ax < oo and the flow converges to a round point as t goes 
lO ■ 

The proof is the same exposed in the previous sections for the case of hypersurfaces of 
CP” = CP” (4). The constants used are 

r 2n-l ifK = C, ^ r 2(n + l)c if K = C, 

m = I and r = < 

[ 4n - 1 if K = e, [ 4(n + 2)c if K = H. 

As we have observed in the complex case, the proof that the how develops a singularity in 
hnite time is in some sense indirect and is related to the global structure of the projective 
spaces we are considering. Namely, we show that a solution defined for all times would 
converge to a totally geodesic hypersurface, but this is excluded because in KP”(4c) there 
are no such hypersurfaces. 

Theorem 17.11 implies the following classihcation result. 

Corollary 7.2 Let n > 3 and c > 0. 

1. If Mo is a closed real hypersurface of KP”(4c) satisfying the pinching condition 
(EO, then Mo is diffeomorphic to a sphere. 

2. For any minimal closed real hypersurface o/KP”(4c), \Af > 2c holds. 
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Theorem 17. Il ls the generalization of the main theorem of |H3j about pinched hypersurfaces 
of the sphere to all CROSSes (compact rank-one symmetric spaces) with sufficiently large 
dimension. Unfortunately, these techniques do not allow to hnd an analogous result for 
the Cayley plane CaP^. 

The next example shows that Theorem 17.11 is not a trivial consequence of the general 
result in |H2] . because there are non-convex hypersurfaces in the class considered. 

Example 7.3 Consider for simplicity c = 1 and let Mq be a geodesic sphere in CP*^. 
In |NR] it is proved that Aio has two distinct principal curvatures: Ai = 2cot(2u) with 
multiplicity 1 and A2 = cot(M) with multiplicity 2{n — 1), for some 0 < m < |. For any 
M > |, we have Ai < 0 and A 2 > 0, so Aio is not convex. Moreover, it is easy to compute 
that in this case condition fl7.ip is equivalent to 

2(2n — 3) cot^(2M) — 2{n — 1) cot^(M) < 0. 

Hence, there are non-convex examples in our class for every n. In the same way, a geodesic 
sphere in HP" has principal curvatures Ai = 2 cot(2u) with multiplicity 3 and A 2 = cot(M) 
with multiplicity 4(n — 1), for some 0 < m < | (see for example [MPj h Condition fl7.ip 
in this case becomes 

3(4n — 5) cot^(2M) — 4(n — 1) cot^(M) -|- 4?7, — 5 < 0, 

so we have non-convex examples in our class for K = H too. We remark that, even if the 
initial hypersurface is not convex, it becomes convex approaching the maximal time, as a 
consequence of the convergence to a round point. 

Acknowledgments The results of this paper are part of Giuseppe Pipoli’s PhD thesis, 
written at the Department of Mathematics, University “Sapienza” of Rome. Giuseppe 
Pipoli was partially supported by PRIN07 “Geometria Riemanniana e strutture differenzi- 
abili” of MIUR (Italy) and Progetto universitario Univ. La Sapienza “Geometria differen- 
ziale - Applicazioni”. Garlo Sinestrari was partially supported by FIRB-IDEAS project 
“Analysis and beyond” and by the group GNAMPA of INdAM (Istituto Nazionale di Alta 
Matematica). 


References 

[AB] B. ANDREWS, C. BAKER, Mean curvature flow of pinched submanifolds 

to spheres, J. Differential Geom. 85 (2010), 357-395. 

[AM] B. ANDREWS, J. MCCOY, Convex hypersurfaces with pinched principal 
curvatures and flow of convex hypersurfaces by high powers of curvature, Trans. 
Am. Math. Soc. 364 (2012), 3427-3447. 

[AMZ] B. ANDREWS, J. MCCOY, Y. ZHENG, Contracting convex hypersur¬ 
faces by curvature. Gale. Var. Partial Differential Equations 47 (2013), 611- 
665. 


38 















[Ba] C. BAKER, The mean curvature flow of submanifolds of high codimension, 

Ph.D. thesis. Australian National University. arXiv:1104.4409vl [math.DG] 

( 2011 ). 

[Bel] A. L. BESSE, Manifolds all of whose geodesics are closed Springer-Verlag, 
Berlin, Heidelberg, New York, 1978. 

[G] M. A. GRAYSON, Shortening embedded curves, Ann. Math. 129 (1989), 

71-111. 

[Ha] R. S. HAMILTON Three-manifolds with positive Ricci curvature, J. Differ¬ 

ential Geom. 17 (1982), 255-306. 

[HI] G. HUISKEN, Flow by mean curvature of convex surfaces into spheres, J. 

Differential Geom. 20 (1984), 237-266. 

[H2] G. HUISKEN, Contracting convex hypersurfaces in Riemannian manifolds 

by their mean curvature. Invent. Math. 84 (1986), 463-480. 

[H3] G. HUISKEN, Deforming hypersurfaces of the sphere by their mean curva¬ 

ture, Math. Z. 195 (1987), 205-219. 

[Ko] M. KON, Pinching theorems for a compact minimal submanifold in a complex 

projective space. Bull. Austral. Math. Soc. 77 (2008), 99-114. 

[LL] A. M. LI, J. LI, An intrinsic rigidity theorem for minimal submanifold in a 

sphere. Arch. Math. (Basel) 58 (1992), 582-594. 

[LXYZ] K. LIU, H. XU, F. YE, E. ZHAO, Mean curvature flow of higher codi¬ 
mension in hyperbolic spaces, Gomm. Anal. Geom. 21 (2013), 651-669. 

[LXZ] K. LIU, H. XU, E. ZHAO, Mean curvature flow of higher codimension in 
Riemannian manifolds, arXiv:1204.0107vl [math.DG] (2012). 

[MP] A. MARTINEZ, J. D. PEREZ Real hypersurfaces in guaternionic projec¬ 
tive space, Ann. Mat. Pura Appl. (4) 145 (1986), 355-384. 

[NR] R. NIEBERGALL, P. J. RYAN, Real Hypersurfaces in Complex Space 
Forms, in “Tight and taut submanifolds” (S.-S. Ghern and T.E. Gecil Eds.), 
MSRI Publications 32 (1997), 233-305. 

[W] B. WHITE The size of the singular set in mean curvature flow of mean- 

convex sets, J. Am. Math. Soc. 13 (2000), 665-695. 

Giuseppe Pipoli, Institut Fourier, Universite Joseph Fourier (Grenoble I), UMR 5582, 

GNRS-UJF, 38402, Saint-Martin-d’Heres, France. E-mail: giuseppe.pipoli@ujf-grenoble.fr 

Garlo Sinestrari, Dipartimento di Matematica, Universita di Roma “Tor Vergata”, Via 

della Ricerca Scientifica, 00133, Roma, Italy. E-mail: sinestra@mat.uniroma2.it 


39 


